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1 Introduction
[8] , Stokes inf-sup
, aposteriori . [4], [9] , aposteriori
, Stokes apriori
, [6] , [8], [9] $H_{0}^{1}$ , Poisson
Aubin-Nitsche trick , Stokes $L^{2}$
.






$-\nu\Delta u+(u\cdot\nabla)u+\nabla p$ $=$ $f$ in $\Omega$ ,
. $\mathrm{d}\mathrm{i}\mathrm{v}u$ $=$ $0$ in $\Omega$ ,
$u$ $=$ $0$ on $\partial\Omega$ .
(1)
$\Omega$ $\mathrm{R}^{2}$ , $u=(u_{1}, u_{2})^{\tau},$ $f=(f1, f_{2})^{T}$ 2 , $\nu>0$ . $u,$ $p$
, . $f$ } , $\nu$ .
, $H^{k}(\Omega)$ $k$ Sobolev , $H_{0}^{1}(\Omega)\equiv$ { $v\in H^{1}(\Omega)$ ; $v=0$ on $\partial\Omega$ }, $L_{0}^{2}(\Omega)\equiv$
$\{v\in L^{2}(\Omega) ; (v, 1)=0\}$ . $(\cdot, \cdot)$ $\Omega$ $L^{2_{-}}$ . $L^{2}(\Omega)$-norin $|v|0$ $=$
$(v, v)^{1/2}$ , $H_{0}^{1}( \Omega)- \mathrm{s}\mathrm{e}\min_{\mathrm{o}\mathrm{r}}\mathrm{m}$ $|v|_{1}=|\nabla v|0$ , , $<.,$ $\cdot>$ $H^{-1}(\Omega)$ $H_{0}^{1}(\Omega)$ duality pairing




$\Omega\subset \mathrm{R}^{2}$ , $h$ $\mathcal{T}_{h}$ scale parameter . $h>0$
. , $X_{h}\subset H_{0}^{1}(\Omega)\cap C(\overline{\Omega})$ $u$ , $\mathrm{Y}_{h}\subset$
$L_{0}^{2}(\Omega)\mathrm{n}c(\overline{\Omega})$
$P$ . $X_{h}$ :
$\inf_{\zeta\in h}|v-\xi|_{1}\leq C_{0}h|v|_{2}$
$\forall v\in H^{1}(0\Omega)\cap H^{2}(\Omega)$ , (2)
$c_{0}$ , $|\cdot|_{2}$ $\Omega$ $H^{2}$-seminorm . (2) ,
. , $c_{0}$ $X_{h}$ $(\mathrm{C}\mathrm{f}.[5], [7])$ .
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$X_{h}^{2},$ $\mathrm{Y}_{h}$ , $\xi\in H^{-1}(\Omega)^{2}$ Stokes :
$\{$
$-\nu\Delta u+\nabla p$ $=$ $\xi$ in $\Omega$ ,
$\mathrm{d}\mathrm{i}\mathrm{v}u$ $=$ $0$ in $\Omega$ ,
$u$ $=$ $0$ on $\partial\Omega$
– . , Stokes $[u,p]\in H^{1}0(\Omega)^{2}\mathrm{X}L_{\mathit{0}}2(\Omega)$
$[u_{h},p_{h}]\in X_{h}^{2}\mathrm{x}\mathrm{Y}_{h}$ , $\nu$ $C_{2}>0$
, :
$|u-u_{h}|_{1}\leq C_{2}|\xi|_{-}1$ (3)
. [9] , $\xi\in L^{2}(\Omega)^{2}$ , “ ’ :
$|u-u_{h}|_{1}\leq c_{1}|\xi|_{0}$ (4)
. $C_{1}$ $\Omega,$ $h$ $\nu$ .
, (1) $[u_{h},p_{h}]\in X_{h}^{2}\cross \mathrm{Y}_{h}$ :
$\{$
$\nu(\nabla u_{h}, \nabla v_{h})-(p_{h}, \mathrm{d}\mathrm{i}_{\mathrm{V}}v_{h})$ $=$ $-((u_{h}\cdot\nabla)u_{h}, v_{h})+(f, v_{h})$ $\forall v_{h}\in X_{h}^{2}$ ,
$-(\mathrm{d}\mathrm{i}\mathrm{v}u_{h,q_{h}})$ $=$ $0$ $\forall q_{h}\in \mathrm{Y}_{h}$ . (5)
$X_{h}$ , , (5) $[u_{h},p_{h}]$ $-(u_{h}\cdot\nabla)u_{h}+f\in L^{2}(\Omega)^{2}$ Stokes :
$\{$
$-\nu\Delta\overline{u}+\nabla\overline{p}=$ $-(u_{h}\cdot\nabla)u_{h}+f$ in $\Omega$ ,
$\mathrm{d}\mathrm{i}\mathrm{v}\overline{u}=0$ in $\Omega$ ,
$\overline{u}=0$ on $\partial\Omega$
(6)
– . , $v0\equiv\overline{u}-u_{h},$ $p_{0}\equiv\overline{p}-ph$ , $v_{0}\in H_{0}^{1}(\Omega)^{2}$ $-(u_{h}\cdot\nabla)u_{h}+$
$f\in L^{2}(\Omega)^{2}$ Stokes , exphicit [6], [8] a





$-\nu\Delta w+\nabla r$ $=$ $g(w)$ in $\Omega$ ,
$\mathrm{d}\mathrm{i}\mathrm{v}w$ $=$ $0$ in $\Omega$ ,
$w$ $=$ $0$ on $\partial\Omega$
(7)
. , (7) . $\xi\in H^{-1}(\Omega)^{2}$ , Stokes
$\{$
$-\nu\triangle\hat{w}+\nabla\hat{r}$ $=$ $\xi$ in $\Omega$ ,
$\mathrm{d}\mathrm{i}\mathrm{v}\hat{w}$ $=$ $0$ in $\Omega$ ,
$\hat{w}$ $=$ $0$ on $\partial\Omega$
(8)
– $\hat{w}$ $\in H_{0}^{1}(\Omega)^{2}$ $(\mathrm{c}\mathrm{f}.[1])$ . $\xi\in H^{-1}(\Omega)^{2}$ , $A\xi$ (8) $\hat{w}$
, $A$ $H^{-1}(\Omega)^{2}$ $H_{0}^{1}(\Omega)^{2}$ . , $F\equiv Ag$ , $F$ $H_{0}^{1}(\Omega)^{2}$




, $X_{h},$ $\mathrm{Y}_{h}$ , $\xi\in H^{-1}(\Omega)^{2}$ Stokes (8) $\hat{w}_{h}$ $\in S_{h}$ –
. $A_{h}$ : $H^{-1}(\Omega)^{2}arrow S_{h}$ , $S_{h}^{*}$
$S_{h}^{*}\equiv\{v\in H_{0}^{1}(\Omega)^{2}|v=(A-A_{h})\xi, \xi\in H^{-1}(\Omega)^{2}\}$
, product space $X$ $X\equiv(S_{h}, S_{h}^{*})$ . , $X$ $|x|x \equiv\max\{|x_{h}|1, |x^{*}|_{1}\}$ $x=$
$(x_{h}, X^{*})\in X$ Banach . , $X$ $H_{0()^{2}}^{1}\Omega$ $P:Px\equiv x_{h}+x^{*}$ $x=$
$(x_{h}, X^{*})\in X$ , $G\equiv g\circ P$ ,
$\tilde{F}x\equiv(A_{h}Gx, (A-A_{h})G_{X)}$
$X$ compact map . , Schauder , $W\subset X$
$\tilde{F}W\subset W$ , $\tilde{F}\text{ }$ $x$ $W$ . , $x=(x_{h}, X^{*})\in$
$X$ , $Px=x_{h}+x^{*}\in H_{0}^{1}(\Omega)^{2}$ $F$ .
3 Newton-like Method
, $x=\tilde{F}x$ [2], [3] Newton-hike method ,
. Newton-hhke operator $N_{h}$ : $Xarrow S_{h}$
$N_{h^{X}}\equiv x_{h}-[P_{1}-A_{h\hat{g}’}(uh)]^{-}h1(x_{h}-AhG_{X})$ $x=(x_{h}, X^{*})$
. $\hat{g}(w)\equiv-(w\cdot\nabla)w$ , $P_{1}$ $H_{0}^{1}(\Omega)^{2}$ $X_{h}^{2}$ ^ $H_{0}^{1}$ -projection, $[P_{1}-A_{h\hat{g}}’(uh)]^{-}h1$




, $x=Tx$, $x=\tilde{F}x$ .
, $T$ (candidate set) . $v_{h}\in X_{h}^{2}$




, $\{W_{i}\}_{1\leq i}\leq 2n+2$ $W_{h}\subset S_{h}$ $W^{*}\subset S_{h}^{*}$
$W_{h}$ $\equiv$ $\{w_{h}\in S_{h}|(w_{h})_{i}\leq W_{i} 1\leq i\leq 2n\}$ ,
$W^{*}\equiv\{w_{1}+w_{2}\in sh*|w1,w_{2}\in S_{h}*, |w\text{ }\leq W_{2n+1}, |_{W}2|_{1}\leq W_{22}n+\}$
,
$W\equiv(W_{h}, W^{*})\subset X$
. $W_{2n+1},$ $W_{2n+2}$ (4), (3) Stokes .
, :
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4, (9) $W$ .
, $N=0$ ,
$W_{i}^{(0)}=0$ $1\leq i\leq 2n+2$ ,
$\{W_{1}^{(0)}.\}1\leq i\leq 2n+2$ $W^{(0)}=(W_{h}^{(0)0}, W*())$ .
, $N\geq 1$ , $0<\delta\ll 1$ :
$\overline{W}_{i}^{(N-1)}\equiv W^{(N}i-1)(1+\delta)$ $1\leq i\leq 2n+2$ .
, $\{\overline{W}_{i}^{(N-1)}\}_{1}\leq i\leq 2n+2$ $\overline{W}^{(N-1}$ ) $=(\overline{W}_{h}^{(N-1)(},\overline{W}^{*}))N-1$ .
$\delta- inflation$ . , $\overline{W}^{(N-1}$) $W^{(N)}=(W_{h}^{(N}),$ $W^{*(}N))$
: .
$\{$








$G_{2}(w)$ $\equiv$ $-((v0+w^{*})\cdot\nabla)(v_{0}+w^{*})\in H^{-1}(\Omega)^{2}$ ,
$G_{1}(w)$ $\equiv$ $G(w)-c2(w)\in L^{2}(\Omega)^{2}$
. , (10) over-estimate . , Teorem 31 ,
$\llcorner^{\backslash }l$ $l^{}$. \urcorner ----|: $\leqq 22l\mathrm{I}$ $\mathfrak{B}_{\wedge\vee}^{-+-}" l$ . $-\sim$ .
5 Numerical Examples
$\Omega$ $(0,1)\cross(0,1)$ , $\Omega$ . x( $y$ )
$L$ . parameter $h$ $h=1/L$ . $X_{h}\subset H_{0}^{1}(\Omega)\cap C(\overline{\Omega})$
2 (piecewise biquadratic) . , $\mathrm{Y}_{h}\subset L_{0}^{2}(\Omega)\cap C(\overline{\Omega})$ 1
(piecewise bihhnear) . 2 , 1 2
. $X_{h}$ , inf-sup ([1]).
$\mathrm{Y}$
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$f=$ ( $f1$ , f2)2 $C$
$u_{1}(x, y)$ $=$ $C\sin^{2}\pi X\sin\pi y\cos\pi y$
$u_{2}(x, y)$ $=$ $-C\sin^{2}\pi y\sin\pi X\cos\pi X$
$p(x, y)$ $=$ $-C^{2}\cos 2\pi X\cos 2\pi y/16$
. $u_{h}\in X_{h}^{2}$ Newton-hike (5) , . ,
( [10] ). ,
$p(x, y)$ $u(x, y)$ .
, $Re=1/\nu$ , Theorem 41 . $L$ ,
$N$ , $|u|_{1}$ exact solution $H_{0}^{1}$-norm . (1) $u=u_{h}+v_{0}+w$ ,
$u_{h}$ $v_{0},$ $w$ $H_{0}^{1}(\Omega)$
.
ip $\mathrm{P}\cup \mathrm{J}\mathrm{n}\mathrm{r}\mathrm{b}\cup$ V $Y\mathrm{Y}(\cup\cup/i)\mathfrak{o}$ , $\mathrm{r}\circ \mathrm{r}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{n}9\cup$, . ,
, ,
.
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